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Abstract

A simple and accurate boundary-type meshless method of fundamental solutions (MFS) is applied to solve both 2D and 3D
Stokes flows based on the dual-potential formulation of velocity potential and stream function vector. Using the dual-potential
concept, the solutions of both 2D and 3D Stokes flows are obtained by combining the much simpler fundamental solutions of
Laplace (potential) and bi-harmonic equations without using the complicated singular fundamental solutions such as Stokeslets
and their derivatives as well as source doublet hypersingularity. The developed algorithm is used to test five numerical experiments
for 2D flows: (1) circular cavity, (2) wave-shaped bottom cavity and (3) circular cavity with eccentric rotating cylinder; and for 3D
flows: (4) a uniform flow passing a sphere and (5) a uniform flow passing a pair of spheres. Good results are obtained as comparing
with solutions of analytical and numerical methods such as FEM, BEM and other meshfree schemes.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the fluid mechanics literature there are three major formulations for the dependent variables to solve the multidi-
mensional Navier—Stokes or the much simpler Stokes equations. They are (1) primitive variables of velocity—pressure,
(2) velocity—vorticity and (3) vorticity—potential forms. Each formulation will suffer different degrees of difficulty in
imposing the boundary conditions. In this study we only consider Stokes equations by neglecting the non-linear con-
vective term to form the creeping flows through a novel dual-potential formulation of the velocity potential and stream
function vector. Stokes flows are classical problems in computational fluid dynamics (CFD), and have ubiquitous ap-
plications in many interdisciplinary fields.

For illustrations, in the primitive variables of velocity—pressure formulation: Abousleiman and Cheng [1] solved
the 2D internal flows using the boundary element method (BEM) based on the Stokeslets, and Zeb et al. [2] also
applied the same BEM to analyze 2D flows with more general boundary conditions and arbitrary geometries. Alves
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and Silvestre [3], Young et al. [4,5] and Chen et al. [6] solved 2D and 3D interior problems by the MFS based
on the Stokeslets, while Tsai et al. [7] used the same concept to study 3D exterior flows. In the velocity—vorticity
formulation: Fan and Young [8] applied the non-singular BEM to solve the 2D flows. Young et al. [9] used the meshless
multiquadrics method to solve 2D and 3D flows. Tsai et al. [10] used the MFS along with the dual reciprocity method
(DRM), called meshless BEM, to solve the 3D interior and exterior flows. As far as applications of vorticity—potential
approach for Stokes flows are concerned, in 2D flows, the Stokes equations may be transformed to the vorticity—
stream function form governed by the Laplace and Poisson equations or even only the bi-harmonic stream function
equation. Fairweather, Karageorghis and coworkers [11-13] used the MFS based on the formulation of bi-harmonic
stream function to analyze 2D flows. However it is not straightforward to extend 2D stream function formulation to
3D flows, and even it becomes a controversial issue in the realm of CFD [14].

A general formulation by the dual-potential of velocity potential and stream function vector for both 2D and 3D
Stokes equations is developed in this study. Comparing with the traditional stream function approach, the proposed
scheme can be easily extended from 2D to 3D problems and to the fluids with dilatation. The Helmholtz decomposition
theorem is used to segregate the Stokes flow into the sum of a potential flow and a viscous flow, so that the funda-
mental solutions of Stokes equations can be transformed from the complicated Stokeslets [15] to the combination
of the much simpler fundamental solutions of Laplace equation for velocity potential and bi-harmonic equations for
stream function vector (dual-potential method) following the lead of Hirasaki and Hellums [16]. In primitive variable
formulation the decomposition of the Stokes flow into the sum of a potential flow and a viscous flow was originally
studied by Chwang and Wu [17] and also followed by Dabros [18] by using the singularity method. However, much
sophisticated singular fundamental solutions such as Stokeslets and the derivatives as well as hypersingularity of
source doublet were employed in Chwang and Wu and Dabros works. Another rationale to use the proposed method
lies in the very simple imposition of the boundary conditions of this dual-potential formulation. In this study the
boundary conditions for both the velocity potential and stream function vector are simultaneously considered by spec-
ifying the no-slip boundary conditions according to special properties of the MFS, which otherwise is rather difficult
to satisfy by other numerical methods such as the advanced works of [14,16]. Once the unknown coefficients are
determined from the imposed velocity boundary conditions, the distributions of velocity and vorticity over the entire
computational domain can be directly evaluated. Comparing with other formulations such as the velocity—vorticity and
vorticity—potential, in 3D problems the number of variables in the present scheme has been reduced from six to only
four for both formulations, and in 2D problems it is only two instead of three for the velocity—vorticity formulation.
The reduction of number of variables can decrease the computational time and required storage. Meanwhile in the
velocity—vorticity and vorticity—potential formulations, the treatment of non-homogeneous source term is inevitable
in the numerical procedure due to the existence of the Poisson equations of both forms. A significance to note is that
the algorithm developed in this study is a purely boundary-type meshless method of MFS, particularly suitable for
exterior problems. In other words, no artificial far field boundaries are required in the MFS formulation.

The MFS was first proposed by Kupradze and Aleksidze [19]. Recently, the MFS has been widely used in the
numerical solutions of Poisson equations [20,21], diffusion equations [22,23], Helmholtz equations [24,25], modified
Helmbholtz equations [10,22], bi-harmonic equations [11-13] and Stokes equations [3—7,10-13], etc. The implemen-
tations of MFS were also discussed in the references of [26-28]. Good reviews on the advances on the MFS can be
referred to the literature of [29-31]. The MFS can be exceedingly effective for solving inverse or degenerate prob-
lems in which missing or degenerate boundary data or the solutions at a few points within the domain are required,
such as the inverse Stokes and degenerate Eigenanalysis problems [6,32]. Using some simplifying assumptions and
mathematical manipulations, it can be shown that the MFS is equivalent to the indirect BEM [19,30]. In addition,
the meshless MFS can get rid of the mesh generation and the numerical integration. Thus the MFS is much easier to
implement than the indirect BEM, as far as numerical algorithm is concerned.

Both the BEM and MFS are based on the fundamental solutions of the governing equations, and their solution
methodologies do not depend on the discretization of interior computational regions. However, unlike the singular
integrals of BEM, the basic concept of the MFS is to decompose the solutions of the partial differential equations by
superposition of the fundamental solutions with proper intensities. Wherein, the unknown coefficients can be obtained
by the collocations of the boundary conditions. Since the MFS locates the source points outside the computational
domain, no special treatments for the singularities of fundamental solutions are required. Therefore, the MFS is
considered to be a grid-free scheme which depends only upon distances between pair of points of the so-called radial
basis functions, thus MFS is more suitable for the exterior and irregular domain problems.
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The aim of this paper is to use a simple, accurate and meshless MFES to solve 2D and 3D Stokes problems based
on the combination of the Laplace equation for velocity potential and vector bi-harmonic equation for stream function
vector by using the Helmholtz decomposition theorem. The following five numerical examples are considered to
demonstrate the accuracy and feasibility of the proposed numerical method: for 2D flows: (1) circular cavity, (2) wave-
shaped bottom cavity and (3) circular cavity with eccentric rotating cylinder, and for 3D flows: (4) a uniform flow
passing a sphere and (5) a uniform flow passing a pair of spheres. Comparisons of present results with the solutions
of analytical and other numerical methods such as BEM, FEM as well as MFS based on the Stokeslets and velocity—
vorticity forms will be carried out to confirm the simplicity and accuracy of the proposed scheme.

2. Governing equations

The equations for incompressible steady-state Stokes problems are governed by the conservations of mass and
momentum:
Continuity equation:

V-u=0. €))
Momentum equation:
0=—Vp+ uvli. )

Subjected to the following no-slip boundary conditions:

-

u=U 3)

where i = (u, v, w) is the velocity vector; p is the pressure; 4 is the dynamic viscosity; U is known a priori bound-
ary velocity. Egs. (1), (2) and (3) constitute the so called primitive variables of velocity—pressure formulation. By
definition, the vorticity vector @ = (&, n, {) is expressed as:

o=V xu. 4)

Taking the curl to Eq. (2) with constant u, and using Eq. (4), we obtain the steady-state vorticity transport equation
for Stokes flows as follows:

V24 =0. (5)
Taking the curl to Eq. (4) and using Eq. (1), we get
Viii= -V x &. ©)
Egs. (5) and (6) are the governing equations for steady-state Stokes flows in another form known as the velocity—
vorticity formulation.
The Helmholtz decomposition theorem [16,33,34] states that any vector i can be written as the sum of two parts,

one is curl-free and the other is solenoidal. In flow fields, the velocity is thereby decomposed into a potential flow and
a viscous flow. In other words, the velocity u# can be decomposed into the following form:

i=-V¢+Vxy. (7)
Substituting the above equation into Eq. (1), we obtain the Laplace equation for the velocity potential, ¢:

V2p =0. (®)
Substituting Eq. (7) into Eq. (4) and following [16,35]

V.y=0. ©)
We obtain

Vi = —o. (10)

It is noted that adoption of Egs. (1), (§) and (10) is the conventional vorticity—potential formulation and reduces
to the vorticity—stream function form in 2D flows. However, the present dual-potential formulation is easier to extend
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to fluids with dilatation such as incompressible flows with source terms or unsteady compressible flows; if Eq. (8)
is modified by the Poisson equation. From Egs. (5) and (10), we finally obtain the vector bi-harmonic equation for
stream function vector, ¥ = (Y1, Y2, ¥3):

V2v2y = 0. (11)

From the above deduction it is remarked that the velocity i is written as two parts in the form given in Eq. (7) by the
Helmbholtz decomposition theorem. As a result, ¢ and 1} can be obtained respectively by the MFS from the Laplace
equation, Eq. (8), and vector bi-harmonic equation, Eq. (11). However, we choose not to solve for ¢ and 1} separately
and directly. Instead we select to determine # explicitly from Eq. (7) due to the convenience of imposing no-slip
boundary conditions of Eq. (3) and the unique merits of the MFS (the MFS solutions behave like semi-analytical
solutions so that it is very easy to differentiate ¢ and 1/7), as it will be explained in the following section. This is quite
different from the traditional ways to directly impose the boundary conditions on ¢ and 1}, because their boundary
conditions cannot be imposed in an easy way [16]. Since our main interests are in the velocity fields, in this study we
do not need to explicitly know those ¢ and 1} boundary conditions and thus only velocity boundary conditions are
required as we can make use of Eq. (7). Egs. (8), (11) and (7) thus constitute the governing equations of velocity field
and Eq. (3) is the well-posed velocity boundary condition using the dual-potential formulation of velocity potential
and stream function vector for 2D and 3D Stokes equations.

3. Formulation of the Method of Fundamental Solutions (MFS)

The fundamental solution, also known as the free space Green’s function, is defined by
L£G(X; Xg) = —=8(X — Xo) (12)

where £ is a linear spatial differential operator, §(X — Xo) is the well-known Dirac delta function, ¥ = (x, y, z) is the
position of the field point, Xo = (xo, ¥0, zo) is the location of the source point, and the distance between a field point
and a source point is defined by r = |X — Xo|.

By applying Fourier transform theory to Eq. (12), the fundamental solution of the 2D Laplace equation is obtained
as

.o —1
Gy(x; Xo) = Elnr. (13)

Similarly, the fundamental solution for the 2D bi-harmonic equation can be written as

-1
Gy (X;X0) = —r2Inr. 14
v (X3 Xo) A r“Inr (14)

The principle of superposition is employed for linear governing equations. Therefore in the spirit of MFS for-
mulation the solution is represented by a series of fundamental solutions with singularities located outside the
computational domain. The unknown coefficients of the series of fundamental solutions are regarded as the strengths
of corresponding fundamental solutions. Therefore the discretizations of stream function i and velocity potential ¢
are performed and represented as:

N
(%) Z [ Gy (i Xo,)], (15)

N
¢ (%) Z Bi Gy (Ei; %o))] (16)

where X; is the i-th field point, Xo; is the j-th source point, N is the number of the source points and «; and B,
the unknown coefficients, are respectively associated with the fundamental solutions of stream function and velocity
potential. Therefore, the velocity field u = (u, v, 0) is represented by using Eq. (7) as:
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N
(@) = o (1+21n7i) (v — yo,)] +Z[ﬁ, ’“’J] (17a)
=1 i
al — )0
v(ii)z_;[aj(l+21nr,j)(x,—xol) +]Z;[,3/ - J} (17b)

where rij = |f, —)?()ﬂ.

The boundary conditions of velocity components of Eq. (3) are then collocated to find the unknown coefficients.
This results in a 2N x 2N linear system. After the 2N unknown coefficients of «; and §; are determined, we obtain
the velocity first and then the vorticity fields. The vorticity field @ = (0, 0, ¢) for 2D Stokes flow is shown as:

N
() == ;4 +4Inr))]. (18)
j=1
Though the bi-harmonic equation of stream function can be employed to solve the 2D Stokes flows as it has been
done by Fairweather, Karageorghis and collaborators [11-13], inhere we do not directly find the stream function but
only take the curl of the stream function to impose the no-slip boundary conditions. The imposition of the boundary
conditions for the bi-harmonic equation for the stream function only as performed in [11-13] is more complicated
and involved than the present method, since higher order boundary conditions are necessary if the stream function
should be found directly. This implies that two terms (one augmented term like Inr in the 2D case) of the fundamental
solution of the bi-harmonic equation are necessary instead like present model no augmented term is needed.
We next consider the numerical formulations for 3D problems. The fundamental solutions for the 3D Laplace and
bi-harmonic equations are:

GoE: T0) = 1 (19)
Gy (F: %) = ﬁr. 20)
Similarly, the discretizations of stream function vector 1/7 = (Y1, ¥2, ¥3) and velocity potential ¢ are given as:
N
Wl(fi)ZZ[Ol}Gx//(fi;fw)], (21a)
j=l1
N
Ya(E) =Y _[a7Gy (s %op)), (21b)
j=1
N
Y3(E) =Y [aGy (s %op)). (21c)
j=1
N
PIED) Z B; Gy (s %0))]. (22)

The velocity u = (u, v, w) for 3D problems is thus given as:

N N N
- 3Yi — Yoj 22i — 20j —(xi —xo/)
u(x,)—Z[aj—ri, ]—Z[aj—”, ]+Z[/3]7r3_ ] (23a)
j=1 J j=1 J j=1 ij
T vz =20 YT sx = x; L, =i = o)
v(X;) = [a}-#} - [aj : J] + Z[ﬂ/%] (23b)
; rij N rij X rr.
j=1 J j=1 J j=1 ij

- al 2 Xi — X0j al 1Yi — Yoj al —(zi — z0/)
N e B e B I @30)
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Meanwhile, one more compatibility equation is required to obtain the unique solutions of velocity field in 3D flows
as proved by Weinan and Liu [36]. Thus, we choose to use Eq. (9) as follows:

N

N Xi — X0 - . Zi — 207

V-y=0= E |:ajl- B —}—a]z-yl Y0 +a; : 0]]. (24)
= rij rij rij

A 4N x 4N linear system is formed similar to the 2D flow system. After imposing the no-slip boundary conditions, we
then obtain the velocity field from Eq. (23). Once the velocity is determined, we have the vorticity vector @ = (£, 1, ¢)
for 3D problems as:

N ¢ 1-

E(%) =;_a. | (252)
N

NG =Yy af-; : (25b)
j=1m -
N

{(xozz o] (25¢)

1L

J

It is worthwhile mentioning that the proposed solution algorithms of velocity field using Eq. (17) for 2D and
Eq. (23) for 3D flows are much simpler than using the MFS based on the Stokeslet singularities such as cited in the
references of [3—7] or the singularity methods [17,18]. This is the major reason why the proposed method is able
to render a simple and accurate scheme which will be further discussed in Section 4 of the model verifications and
applications.

The numerical procedures proposed in this study can be implemented by the following steps:

1. Place the distribution of field points on the boundary and select the same number of source points close to the
boundary as that will be explained exclusively by numerical examples in the next section. More details about the
locations of the source points can also be obtained from the references [4-6,28,32]. (X; = X + b(X) — X.); where
X, Xp and X are the position of the source point, boundary point and geometric center, as well as b is a free
parameter.)

2. Apply Egs. (17a), (17b) for 2D flows and Egs. (23a)—(23c) and (24) for 3D flows to form the solution matrices,
in which the coefficients «; and B; are regarded as the unknown variables in 2D flows, and « }, ozjz., a? and B; are
the unknown variables in 3D flows.

3. Impose the boundary conditions for velocities to solve the solution matrices and obtain the unknown coefficients
in the selected number of source points.

4. Evaluate the velocity and vorticity fields in the computational domain by means of summation over the source
points using Egs. (17a), (17b) and (18) for 2D flows; or Egs. (23a)—(23c) and Eqgs. (25a)—(25c) for 3D flows.

4. Model verifications and applications
4.1. Model verifications

For verification purposes we choose two benchmark problems from 2D and 3D flows, all with known exact solu-
tions. We take a circular lid-driven cavity in 2D flow and a uniform flow passing a sphere in 3D flow.

4.1.1. A circular cavity

To verify the capability of our numerical algorithm, the lid-driven Stokes flow in a circular cavity is considered. The
upper half surface of the circular cavity moves with a constant unit circumferential velocity in the counterclockwise
direction and no-slip boundary conditions are imposed on the lower half surface of the circular cavity. Fig. 1 depicts
the sketched geometric configuration and boundary conditions and also the distribution of source and field points. This
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Fig. 1. (a) Schematic diagram of a circular cavity. (b) Distribution of the source (O) and field (x) points.

;?\T;E] of u-velocity for different source points at » = 0.2 in the example 4.1.1

N 80 120 160 200

RMSE 1.49 x 1073 1.82 % 1073 113 x 1073 6.93 x 1076
Table 2

RMSE of u-velocity for different locations of source points with N = 200 in the example 4.1.1
b 0.08 0.12 0.16 0.20

RMSE 6.84 x 1076 6.93 x 1070 6.93 x 1070 6.93 x 1070

popular benchmark problem is used to demonstrate that whether the algorithm is robust, and the numerical results will
be compared with the analytical solutions by Hwu et al. [37].

The illustrations on the distributions of velocity vector, vorticity contour, as well as u- and v-velocity contours are
shown from Figs. 2—-5 respectively, which exhibit the symmetric characteristics of the flow variables as expected for
the Stokes flow. All the above numerical results are implemented with 200 source points. To give a more quantitative
understanding of accuracy, the root-mean-square errors (RMSE) of u-velocity at the vertical centerlines of the cavity
are depicted in Tables 1 and 2, respectively. Here, the RMSE is regarded as an index for the accuracy measure and
defined as follows:

RMSE =

(26)

\/ Z,N= | (numerical result — exact solution)i2
N .

In Table 1, the RMSE of computational results are obtained by using 80, 120, 160 and 200 source points to establish
a convergent and node independent scheme. Comparing with analytical solution, the RMSE of numerical results for
the source points greater than 120 are all in the order of 10E-5. Good agreement is observed even for 80 collocation
nodes. The non-singular BEM (NSBEM) [8] has to use at least 400 node points to obtain the same accuracy as the
present method. The RMSE of the solutions corresponding to different source locations are displayed in Table 2. It
reveals that the accuracy related to the parameter “b” is not sensitive, and the farther positions of the source can get
better resolution in our study range.

4.1.2. A uniform flow passing a sphere

To verify the proposed numerical method in 3D exterior domain, the problem of the uniform flow passing a sphere
is taken as the second example. Fig. 6 shows the flow configuration and the distribution of source and filed points. The
exterior Stokes problems are very difficult to analyze by using the domain discretization method, because of the huge
computational data and the satisfaction of far field outflow boundary conditions. Unlike other domain discretization
methods, the MFS inherits the great capability for such unbound region problems.

The analytical solution of the problem can be found from [38,39] as follows:
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Fig. 2. Velocity vector for the Stokes flow in a circular cavity (N = 200).

Fig. 3. Vorticity contour for the Stokes flow in a circular cavity (N = 200).
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Fig. 5. v-velocity contour for the Stokes flow in a circular cavity (N = 200).
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Fig. 6. (a) Flow field configuration of the uniform flow passing a sphere. (b) Distribution of the source (O) and field (x) points.
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Fig. 7. Velocity vector for the Stokes flow at the plane of z =0 (N = 100).

Table 3

RMSE of u-velocity for different source points at b = —0.6 in the example 4.1.2

N 49 100 256 400

RMSE 9.76 x 107> 1.08 x 1073 1.54 x 1077 1.46 x 10710

in which Uy is the free-stream velocity, a is the radius of sphere, r and 0 are the spherical coordinates with the
assumption of spherical symmetry, d/d¢ = 0. Moreover, both Uy and a are set to be unity in our numerical experiment,
and 0 = 0 corresponds to the flowing away direction of the fluid.

The velocity vector field in the plane z = 0 by taking 100 source points is shown in Fig. 7. To achieve such an
accurate measure, 266 or more node points are required in the MFS based on the formulation of Stokeslets by Tsai
et al. [7]. The main reason lies in the more complicated fundamental solutions of the MFS based on the formulation
of Stokeslets. A source point refinement study was performed to verify the node independence and the accuracy of
the method. Table 3 depicts the comparison of the RMSE of the velocity profiles along the z direction at x =y =0,
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Table 4
RMSE of u-velocity for different locations of source points with N =400 in the example 4.1.2
b —0.2 —0.4 —0.6 —0.8
RMSE 7.63 x 1073 2.82 x 1077 1.46 x 1010 2.42 x10~13
u=1
_____________________ > (5.2)
Q g ¥ * * %3
T 1
o X %0
(0.0) r
S X X9
-2.5 § Rt X500°00 5%, EREELE SR
y= —0.3Sin(7rx)(l— |x >3 ‘] @ bottom 0000088800°° CoXx,  x%o0° 200555560000
. ogxxgo

(@ (b)

Fig. 8. (a) Schematic diagram of a wave-shaped bottom cavity. (b) Distribution of the source (O) and field (x) points.

obtained by four discretizations ranging from 49 to 400 source points. The numerical results by different collocation
points show generally good agreement with the analytical solutions.

It reveals that the larger number of nodes always yields more accurate results as expected. We obtained the RMSE
in the order of 10E-05 when 49 nodes are used. If 400 nodes are utilized the RMSE drops to the order of 10E-10.
Even if only 49 node points are used, the results are still competitive to other numerical methods in accuracy. This is
reflected from the meshless BEM [10] which requires 1,650 nodes to get the same order of accuracy since DRM was
needed in the meshless BEM. Table 4 exhibits the RMSE of the numerical solutions with different source locations.
The resolutions of the results remain steadfast in the range of source positions studied.

4.2. Model applications

Case studies of two more 2D and one more 3D Stokes flows are made to further exploit the robustness and feasi-
bility of the proposed method.

4.2.1. A wave-shaped bottom cavity

To demonstrate the capability of the present algorithm for irregular computational geometry, the Stokes flow in a
lid-driven cavity with wave-shaped bottom is taken as the third numerical experiment. Fig. 8 represents the schematic
diagram as well as the distribution of the source and field points of a wave-shaped bottom cavity with top lid moving
with a unit velocity in the x-direction. The movement of the top lid gives rise to a recirculating gyre pattern inside the
cavity as shown by the velocity vector in Fig. 9. Fig. 10 also depicts the u-velocity distribution in the wave-shaped
bottom cavity for the Stokes flow. Both of the above numerical results are implemented with 140 source points.

For further comparison purposes, the u-velocity distribution along the vertical central line is depicted in Fig. 11.
Where the FEM results are obtained by using 1,957 grid nodes for velocity, 685 grid nodes for pressure and 1,272
T4/C3 triangular elements and the results are regarded as mesh-independent solutions. The results predicted by MFS
show generally independent of node number when the number of nodes is larger than 140, and the solutions are also
in close agreement with the FEM results. We also compare the present results with the MFS based on the formulation
of Stokeslets by Young et al. [5]. It is found that the 560 source points are needed to get the same accuracy comparing
with the present 280 points. It is thus convinced that the proposed method free from mesh generation can be applied
to Stokes problems with complex geometry under easy implementation.
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Fig. 10. u-velocity contour for the Stokes flow in a wave-shaped bottom cavity (N = 140).

4.2.2. A circular cavity with eccentric rotating cylinder

The presented model is carried out to solve the 2D Stokes flow confined in the two eccentric cylinders. The problem
of interest is sketched in Fig. 12 including geometric configuration and the associated distributions of source and field
points. The outer cylinder with radius R; = 1 centers on the original, and the inner cylinder with Ry = 0.5 has
center lying on (—0.25, 0). The parameters U; and U, are defined for the circumferential velocities of the outer and
inner cylinders, respectively. No-slip boundary conditions are specified on the fluid-solid interfaces. In this study, the
outer cylinder rotates clockwise, and the inner cylinder is kept stationary (U; = —1, U = 0). The velocity vector
and streamline plots obtained by 270 source points are illustrated in Fig. 13. It is observed that the flow patterns are
symmetric with respect to the x-axis due to the reversibility of the Stokes flow, and also a single recirculating eddy
appears in the interior of the annular region. For the verification purpose, the comparison of computed velocity with
the unstructured FEM result along y = 0 is depicted in Fig. 14. It is observed that the computed profile for 270 source
points is almost indistinguishable from the FEM solution for 3000 nodes. To demonstrate further the accuracy of the
present method, Table 5 shows the comparisons of net flow along y = 0 cross section from analytical solution [40],
proposed method, and FEM with two different grids. The numerical results reveal good capability of the present
method to predict Stokes flow in multi-connected domains judging from the excellent mass conservation.
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Table 5
Comparison of the net flow in the example 4.2.4
Analytical solution [40] Present N =270 FEM 3000 nodes FEM 4000 nodes
Net flow f()l.zs v(x,0)dx —0.17671 —0.17688 —0.17649 —0.17659
Net flow f:01.75 v(x,0)dx 0.17671 0.17706 0.17632 0.17637

4.2.3. A uniform flow passing a pair of spheres

In the last test the proposed scheme is used to simulate a uniform flow passing a pair of spheres as sketched in
Fig. 15, which also shows the distribution of the source and field points. Fig. 16 depicts the velocity vector field in the
plane z = 0 obtained by using 240 source points. There are no analytical solutions available in the literature to verify
the present scheme for such a complex geometry. However, the reliability of the presented method can be judged from
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the reasonable physical characteristics. Although the presence of the sphere has effect over large distance, it always
has an enough space between two spheres such that the velocity field is not interfered by another sphere. It is observed
that, when the two spheres are far away from each other, the velocity distribution near one of the spheres is almost the
same as that of uniform flow passing a sphere as studied in Section 4.1.2. Comparison of the velocity profiles by 392
source points in the z direction at x = y = 0, obtained by the other sphere located at the downstream with different
distances, is depicted in Fig. 17. It took 532 points for the MFS based on the Stokeslets [7] to obtain the same accurate
solutions. When the distance is one thousand times the sphere diameter, the numerical result is also indistinguishable
from the analytical solution of the uniform flow passing a sphere. Therefore, it is convinced that the presented method
can be easily extended to predict the uniform flow passing a pair of spheres or even more spheres with an arbitrary
arrangement.

5. Conclusions

This paper uses the MFS based on the dual-potential formulation of the velocity potential and stream function
vector to establish a simple, accurate and meshless numerical scheme to solve 2D and 3D Stokes problems. The key
idea is to simplify the fundamental solutions of Stokes flows by the combination of the much simpler fundamental
solutions of Laplace and bi-harmonic equations via the Helmholtz decomposition theorem. In this way, the unknown
coefficients of both the velocity potential and the stream function vector are solved when the no-slip boundary con-
ditions are imposed. Comparing with velocity—vorticity and vorticity—potential formulations, the present algorithm
considers only four instead of six variables in 3D domain, and only two instead of three variables in 2D domain in the
velocity—vorticity form. There is also no need to cope with the Poisson equations if zero dilation is assumed, thus, this
algorithm yields a purely boundary-type meshless method. Meanwhile, with the advantage of easy implementation
for 3D problems, the employed method can be regarded as a general stream function vector formulation for Stokes
problems.

This proposed numerical scheme is applied to the following five examples, for 2D problems: (1) a circular cavity,
(2) a wave-shaped bottom cavity and (3) a circular cavity with the eccentric rotating cylinder; and for 3D problems:
(4) a uniform flow passing a sphere and (5) a uniform flow passing a pair of spheres. Comparing with solutions of
analytical and numerical schemes such as BEM, FEM and other MFS based on the Stokeslets and velocity—vorticity
forms, these numerical experiments demonstrate that the present scheme is accurate by using fewer collocation points.
The numerical results really show good capability of the MFS even for 2D interior Stokes flows in multi-connected
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domains and 3D exterior Stokes problems with single or multiple bodies of structures. As a result the proposed
meshless method could offer a simple alternative to other numerical methods with or without mesh generation and
can be applied to industrial Stokes flows.
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